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Chapter 4: Kinematics of Rigid Bodies, 4.1 General Equations

* Arigid body is defined to be a collection of particles whose distance of
separation is invariant. In this circumstance, any set of coordinate axes Xyz
that is scribed in the body will maintain its orientation relative to the body.
Such a coordinate system forms a body-fixed reference frame. The
orientation of xyz relative to the body and the location of its origin are

arbitrary.

* The velocity and acceleration of point A

on the body are given by:

i‘_’A - \70'+(;JXFA/Of,

As=Aao+aXFy,0+oX(@XF4,0)-
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Chapter 4: Kinematics of Rigid Bodies, 4.1 General Equations

» For another point such as B, we have similar relations as:
Vp = Vo +&XFp/0,
aFB= éof"‘&XFB/Of"‘GJX(GJXfB/O»').

» Using the previous relations for points A and B, we will have:
Vvp— V4 = w X (Fg0r—Fas0)>
ap—d,=axX(Fg/o—T4,0)+&X[&X(Fg0r—Fa,0°)].

 Because Fg 4 =TFg/00—F4,0, We find that:
173 - 9A+GJXFB/A’

Ag=a4taXrgyt+eX(@XFg).
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Chapter 4: Kinematics of Rigid Bodies, 4.1 General Equations

« Example: Observation of the motion of the block reveals that at a certain
Instant the velocity of corner A is parallel to the diagonal AE. At this instant
components relative to the body-fixed xyz coordinate system of the
velocities of the other corners are known to be (vg), = 10, (v,), = 20, (Vp),
= 10, and (vg), = 5, where all values are In units of meters/second.

Determine whether these values are possible, and if so, evaluate the

velocity of corner F. z y
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4.2 EULERIAN ANGLES
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« Three independent direction angles define the orientation of a set of xyz
axes. Eulerian angles treat this matter as a specific sequence of rotations.
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\

The transformation from xYZz to x’y’z’ may be found from to be

X’ X [ cosy siny O

yoo=IRNKY [R)]=|—siny cosy O

z’ Z 0 0 1
The second transformation is given by

x” x’ cos® O —sinf |

y'r=1[Rel§ ¥ s [Rgl=]| O 1 0

z” z | sinf O cosf |
The last transformation is given by

X x” cos¢ sing O

y =[RS ¥y ¢» [Ry]=| —sing cos¢ O

Z Z” 0 0 l
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Chapter 4: Kinematics of Rigid Bodies, 4.1 General Equations

« The transformation matrix from first reference frame to the last one is given
by:
y X

X
Yy 1=[RI§ Y ¢, [RI=[R,]Re][Ry].
V4 Z

 The angular velocity and angular acceleration are readily expressed in
terms of the angles of precession, nutation, and spin by adding the rotation
rates about the respective axes. The angular velocity of xyz is the (vector)

sum of the individual rotation rates, so

®=yK+0j '+ dk.

« The angular velocity of x’y’z’ reference frame is:

yvK.

d—J!

\

Hossein Nejat, School of Mechanical Engineering, Sharif University of Technology



Chapter 4: Kinematics of Rigid Bodies, 4.1 General Equations

« We can use the expressions for w and w’ to obtain angular acceleration as:

JR+67+0j'+ dk+ ok
=JK+6+6(' %XJ)+dk+d(axk).

0%

« Expressions for unit vectors in terms of body coordinate vector are:

K = sin 0[—(cos ¢)i + (sin@)j ]+ (cos O)k,
J'= (sin ¢)i+ (cos ¢)/.

» Thus, the angular velocity and angular acceleration are

@ = (= sin 0 cos ¢ +6 sin P)i
+ (4 sin 6 sin p +6 cos ¢)j + (Y cos 6 + P)k,

& = (= sin 0 cos ¢ + 6 sin ¢ — Y6 cos 6 cos ¢ + ¢ sin 0 sin ¢ + ¢ 6 cos )i
+ (4 sin 0 sin ¢ + 6 cos ¢ + 6 cos O sin ¢ + V¢ sin 6 cos ¢ — 6¢ sin @) ]
+ (f cos 0 +¢ — 6 sin 0) k.

N
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Chapter 4: Kinematics of Rigid Bodies, 4.1 General Equations

These expressions, particularly the one for angular aceleration, are quite
complicated. For that reason, the x"y"z" axes, which do not undergo the

spin, are sometimes selected for the representation. Then

K =—(sin®)i"+ (cos )k ”"; jr=j" k=k"

The new expressions for angular velocity and expressions can be derived

using those previous formulas by setting ¢ = 0.
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Chapter 4: Kinematics of Rigid Bodies, 4.1 General Equations

« Rotation matrix for different sequences selections:

Proper Euler angles

Tait-Bryan angles

3 —(C359 F253 CaCa — 52 Ca253
‘YIZ;;J{;; = | (153 Cq4CaC3 — 5183 —C351 — C1CaS5y ‘Yl Zz}'f; 5183 + C10382 C1C3 (185283 — (38,
5189 (€183 + €038 103 — €251 853 C38182 — €153 281 €103+ 518983
Ca 5253 Ca &g CoCga —{a2583 57
;{1}’5;{3 = 5152 C10a — CpS183 —C1853 — CalCas ‘Yli’éz;; = | C183 4+ CaS5152 C1C3 — 8518983 —(Cp&
—C1 52 (€351 + C10253 C1ColC3 — 5183 5183 — C10352 (351 + €185253 C1Co
103 — C25153 5189 (€183 + 020351 C1C03 + 515283 C€35152 — C183 (95
K.»Y_g}/}, = 52573 9 —(C3 59 K.:YQZ;; = Ch 83 CaCy — 859
—(C35] — (1083 (1859 (C1CaC3 — 5153 15253 — (351 5153 + C1C352 C10C9
C1CyCa — 5153 —C153 (381 + €108, 109 $183 — C1C382 (381 + €C15983
Y1Z,Y; = €352 Co 5253 YiZ,X3 = 59 CaC3 —Ca83
—1 83 — €38y 8189 C1C3 — €251 853 —C281 €183+ 38182 (€103 — 5159853
CiCaC3 — S183 —0C351 — 1083 (157 C1C2 (C189283 — €351 5153 + C1C359
Z21YyZa = | 0153 + €381  C1C3 — €35183 8157 1Yo Xa = |81 €103 + 8518983 €3818p — €183
i —C352 59853 Co | — 59 CoSg CalCy
C1C3 — Ca8153 —0C1 53 — O35 51592 C1C3 — 518283 —C251 (183 + C35157
Z[.:YQZ;_{ = |C381 +C1€C383 C1CaCq — S183 —C189 Z[J(QY;; = | 351 +C15383 (109 5183 — C1C359
S083 C389 Co —C9 83 59 CalCy
A\
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QUATERNIONS
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Chapter 4: Kinematics of Rigid Bodies, 4.1 General Equations

« The quaternion's basic definition is a consequence of the properties of the
direction cosine matrix [A]. It is shown by linear algebra that a proper real
orthogonal 3 X 3 matrix has at least one eigenvector with eigenvalue of
unity.

« The quaternion is defined as a vector by Hamilton 1866, Goldstein 1950,
and Dalquist 1990.

 The elements of the quaternions, sometimes called the Euler symmetric
parameters, can be expressed in terms of the principal eigenvector e (see

Sabroff et al. 1965). They are defined as follows:

g, = e;sin(a/2),
gz = e; sin(a/2), 2. 2. 2. 4
q; = eysin(a/2), gitqitqgitqi=l, |‘l[—1.

qs = cos(a/2).

\
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Chapter 4: Kinematics of Rigid Bodies, 4.1 General Equations

The rotation matrix in terms of quaternions are:

[A(@)] =

g9t —q3—qi+q}
2(2192—q14,)
2(q193+q24q4)

2(gq192+9394)
—qi+qi—q}+q}
2(q293—¢194)

2(q193—q2q4)
2(q:93+q194)
—qf-a3+qi+q}

Time Derivation of the Quaternion Vector:

As with the previous case, a differential vector equation for g can be written if

the angular velocity vector of the body frame is known with respect to another

reference frame. The differential equations of the quaternion system become

\

4a
dt

1o

)=

0 W,
-w, 0
| —wr oy
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Chapter 4: Kinematics of Rigid Bodies, 4.1 General Equations

i . 2 ‘ 2 . . l
b | |(1-292 -293) 2(q192 +q093) 2(q193 —q092) |[ v,
v =| vy |=|2(q192 —q0gs) (1-2g7 —2¢5) 2(gag3 +qoq1) || vo
vy | |2(q13 +q0@) 2(gog3 —qoq1) (1-2q7 —2q5) |LV3

[ qo | 0 -p —-q -rl|[qo] Qo |
) 0 r -

@1/ P 9|9 |, k.|
@® g -r 0 plle ®
g3 | r g -p 0]|qg3] g3 |

9 9 2
e=1-(qy" +Q12 +qy” +q3”)
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Chapter 4: Kinematics of Rigid Bodies, 4.1 General Equations

« A Comparison Between quaternion and Euler angles in the field of speed

clc
clear alle
close all

g0=[0 0 0 11"';
angles0=[0 0 0]"';

TimeSpan=[0 10000];

t0 = tic;
[t,g]l=0ded5 (Gquat, TimeSpan, gl) ;
toc (t0)

t2 = tic;
[tl,angles]=0ded5 (REuler, TimeSpan, an
glesO) ;

toc (t2)

Simulation Time Elapsed Time  Elapsed Time

(Quaternion (Euler Method)
Method)

1000 1.88 3.96

2000 2.64 8.84

5000 4.46 22.8

10000 5.80 46.4

& = p+[gsin(¢)+r cos(¢)] tan(0),

0=goos(#)—rsn(é), ZYX or 321

¥ = [¢sin(¢)+7 cos(¢)] sec(d).

function dg dt=quat (t,q)
wx=10*sin (t) ;
wy=12*cos (sqrt (2) *t);
wz=11*sin (sqgrt (3) *t+pi/4);
g=q/norm(q) ;

dg dt=0.5*[wz*q(2) -wy*q(3) twx*q (4) ;-
wz*q (1) +twx*q(3) twy* g (4) ;wy*g (1) -

WX g (2)twz*q(4) ;-wx*g(l) -wy*g (2) -
wz*q(3)];

wx=10*sin (t);
wy=1l2*cos (sqrt (2) *t);
wz=11*sin (sqrt (3) *t+pi/4);

sp=sin(angles (3));
tant=tan (angles(2));

Wz*¥sp;wx+ (wy*spt+wz*cp) *tant];

function dangles dt=Euler (t,angles)

cp=cos (angles(3));
sect=1/cos (angles(2));

dangles dt=[ (wy*sptwz*cp) *sect;wy*cp-
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Chapter 4: Kinematics of Rigid Bodies, 4.1 General Equations

« Example: A free gyroscope consists of a flywheel that rotates relative to
the inner gimbal at the constant angular speed of 8,000 rev/min, while the
rotation of the inner gimbal relative to the outer gimbal is y = 0.2
sin(100mxtt) rad. The rotation of the outer gimbal is § = 0.5sin(507t) rad.
Use the Eulerian angle formulas to determine the angular velocity and
angular acceleration of the flywheel at t = 4 ms. Express the results in terms
of components relative to the body-fixed xyz and space-fixed XYZ
reference frames, where the z axis Is parallel to the Z axis att = 0.

z

8,000 rev/min

Al

%;

\/
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4.3 INTERCONNECTIONS
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Chapter 4: Kinematics of Rigid Bodies, 4.3 Interconnections

O Planar motion: By definition, planar motion means that all points in the
body follow parallel planes, which can only happen if the angular velocity
Is always perpendicular to these planes. Let the X-Y plane of the fixed
reference frame and the x-y plane of the body-fixed reference frame be

coincident planes of motion.

Q:w]?:wlz, &=cb]?=cb/€;

dp

wlrg sl

i)B= 1_’A+(:JXFB/A,

&B=5A+&XFB/A_C02’:B/A°

\
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Chapter 4: Kinematics of Rigid Bodies, 4.1 General Equations

 Ball-and-socket joint: it imposes no orientation constraints

Vg = Vg2, ap) = dap;.

1 Pin connection

Vg1 = Vg2, dp) = dpg,.
(;32 = (:J]+¢k

ay = g+ ¢k + d(@, X k).

\
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Chapter 4: Kinematics of Rigid Bodies, 4.1 General Equations

L Collar connection or slider

(Vea)ap = Uepy, (ac2)ap=ueépgy.

Ver = Vet Uép,,,

&CZ = &Cl + l.léB/A + ZGJAB X uéB/A.

(Ve2)ap = uépya, (Ac2)ap=ueépgy.
Vea = Ver+Uépgy,
&CZ = &Cl + l.léB/A + ZGJAB X uéB/A.

@2 = @+ Vi) +Pks.
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O Collar with a clevis joint

\

Like the Collar with a pin
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Chapter 4: Kinematics of Rigid Bodies, 4.1 General Equations

» Considering a constrained motion

Vo= Ug€r/Es Vg = Ugép/c,
Vq4 = vB"'a’AerA/B'

rg/aXrpsc

@AB=¢éD/C+¢|_ - :
rp/aXrpsc

\
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Chapter 4: Kinematics of Rigid Bodies, 4.1 General Equations

Example: Collar B is pinned to arm AB as it slides over a circular guide
bar. The guide bar translates to the left at a constant speed v, such that the
distance from pivot A to the center C is vt. Derive expressions for the

angular velocity and angular acceleration of arm AB.

\
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Chapter 4: Kinematics of Rigid Bodies, 4.1 General Equations

« Example: Collar A moves downward and to the right at a constant speed of
40 m/s. The connection of link AB to collar A is a ball-and-socket joint,
while that at collar B is a pin. Determine the velocity and acceleration of

collar B, and the angular velocity and angular acceleration of bar AB, for

the position shown. UL

\
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Chapter 4: Kinematics of Rigid Bodies, 4.1 General Equations

« Example: Two shafts lying in a common horizontal plane at a skew angle
B are connected by a cross-link universal joint that is called a cardan joint.
Derive an expression for the rotation rate w, In terms of w; and the

Instantaneous angle of rotation ¢,, where cross-link AB is horizontal when

¢,1=0.

N
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Chapter 4: Kinematics of Rigid Bodies, 4.1 General Equations

Output shaft speed relative to input shaft speed =1
2,5
—15% shaft angle
= 30° shaft angle
I —45° ghaft angle
S_ — (507 shaft angle
=
° 1,5
]
=1
7]
g1
]
5
&
80,5
0 T T T T T T T T T T T 1
0 30 60 90 120 150 180 210 240 270 300 330 360
‘\{l Input shaft angle (1 complete rotation)
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4.4 ROLLING
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Chapter 4: Kinematics of Rigid Bodies, 4.4 Rolling

« A common constraint condition arises when bodies rotate as they move
over each other. The fact that the contacting surfaces cannot penetrate each
other imposes a restriction on the velocity components perpendicular to the

z

plane of contact (that is, the tangent plane).

=

» Because the surface of each body is impenetrable, the velocity components

normal to the contact plane must match. Let C, and C, be contacting points

on each body. Then Vor-k = Veyk

L]

\
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Chapter 4: Kinematics of Rigid Bodies, 4.1 General Equations

« The special case of rolling without slipping imposes an additional

constraint.
V1 = Vo2 for no slipping.

« The condition of no slipping impose a constraint that the arclength s, along
the perimeter of body 1 between the points B, and C, is the same as the

arclength s, along body 2 between points B, and C..

B,

\
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Chapter 4: Kinematics of Rigid Bodies, 4.1 General Equations

« The most common application of such a description is for a wheel rolling

along the ground.

x = R@.
Fi,0=R(0—sin@)i—(Rcosh),.

vy = v(1—cos )i+ v(sin @),

2 _ 2 .
Ay = [\’z(l—cos 9)+—% sinﬂ}i+[\‘z sin9+—% cos@}j.

N
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Chapter 4: Kinematics of Rigid Bodies, 4.1 General Equations

L)

» What about acceleration?

L)

» Acceleration is more complicated, because the contacting points on each

body come together and then separate.

« A common misconception arises from the case of the rolling wheel on the

surface. ////% MW%
wi "l

| D> Ws

Fy o
| L Contact plane

i A GB:RQCO

Y
1
Y

AN

\
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Chapter 4: Kinematics of Rigid Bodies, 4.1 General Equations

« Example: Rolling a coin on surface.

Derive the velocity and acceleration for the center of coin as a function of

euler angles and their rates.

\
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Chapter 4: Kinematics of Rigid Bodies, 4.1 General Equations

« Example: The cylinder of radius R rolls without slipping inside a semi
cylindrical cavity. Point P is collinear with the vertical centerline when the
vertical angle @ locating the cylinder's center C is zero. Derive expressions
for the velocity and acceleration of point P in terms of ¢ and the speed v of

the center C.

<\

N
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Chapter 4: Kinematics of Rigid Bodies, 4.1 General Equations

Example: Rack CD, which meshes with gear A, is actuated by moving
collar D upward at the constant speed u. Rack B, over which gear A rolls, is
stationary. Derive expressions for the velocity and acceleration of the

center of gear A in terms of the angle 8 and the distance s.
L

ot

/7

g

VI b /////|£//////////////

\
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Chapter 4: Kinematics of Rigid Bodies, 4.1 General Equations

« Example: The shaft of disk A rotates about the vertical axis at the constant
rate Q0 as the disk rolls without slipping over the inner surface of the
cylinder. Determine the angular velocity and angular acceleration of the

disk and the acceleration of the point on the disk that contacts the cylinder.

&

N
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Chapter 4: Kinematics of Rigid Bodies, 4.1 General Equations

« Example: A disk rolls without slipping on the X-Y plane. At the instant

shown, the horizontal diameter ACB is parallel to the X axis. Also at this

Instant, the horizontal components of the velocity of the center C are

known to be 5 m/s in the X direction and 3 m/s in the Y direction, while the

Y component of the velocity of point B is 6 m/s. Determine the precession,

nutation, and spin rates for the Eulerian angles.

\

80 m

A

20°
&g;v/
B

v

[
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