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KINEMATICS (MOVING)
REFERENCE FRAME

Purpose:

» To Study Kinematics in a Moving Reference Frame.

Jopics.

» Relative Motion.
» Moving (Kinematics) Reference Frame
(i.e. KRF, or MRF).




Quantities described in a Fixed (Absolute) reference
frame. (i.e. Absolute Velocity & Acceleration).

Quantities described in
a Moving (Kinematics /Riqgid Body) reference frame.
(i.e. Relative Velocity & Acceleration).

Absolute and Relative Kinematical Ouantities:

Let us consider the motion of a particle in space, in two
reference frames such that:

{A}:{Xi }: Absolute (Fixed/Primary) Reference Frame, and

{B}= {X j Y Moving (Kinematics/Rigid Body) Reference Frame.




{A}:{Xi }: Absolute ( Fixed/Primary) Reference Frame, and

{B}= {X j }: Moving (Kinematics/Rigid Body) Reference Frame.

(Kinematics Frame, v, a,,)




Theorem-13. The complete description of motion of a
as rigid body consists of;

1. The motion of the reference point “O’”, as:. \_/O’ ’ QO’

2. The angular Motion of the KRF, as: Q.0

The of the particle “P” with respect to the
KRFE*“{B}” represented by a Cartesian coordinate set {)_( j}

with unit vectors {u;} Is:
(KP/O')rel. =lpio = LY i%
(\—/P/O')rel. =V5p,o = X;U; (if y; are constant vectors)

(8p,0).y =8pj0 = X; U (if y; are constant vectors)




{A}:{Xi }: Absolute (Fixed/Primary) Reference Frame, and

{B}= {X j }: Moving (Kinematics/Rigid Body) Reference Frame.

{AF={x;}

As (Kinematics Frame, v, a,,)




I';io =lo0 T 1po (5.1)

EP/O — EO’/O + i(EP/O')
dt

Since “0O” is a fixed point: Fo0=Vs and Fo0 =Vo
and using the Jaumann Rate:

d
dt

Therefore : i%

Vo =Vo + V50 + QXTI 62

—(Fpi0) = XJQJ+erP/o =Vpo TQXTp0




L d _ d _
Vo =Vq +a Veio) "‘E(QXKP/O')

where;

d N " d _ " _ _
E(QXLP/O’) =Xl o +9XE(LP/O') =OXTp0 +QAXV,, 0 +Qx(QXTp o)

d . B _ _
a(\_/P/o') =XUj +Q2XVp o =8pi0 +L2XVp0

dp =8y +apo +QXEP/O' +2QxV;,0 + QX (QXT 50 )

e e W N

Abs. Abs. Acc. Acc. of “P” | Euler’s Coriolis Centripetal
Acc. of center of | observedin | (tangential) Acc. Acc.

Of KRF“O™ KRF Acc.

GCP”




Special Cases:

1. If KRFis Translatory (/rrotational) Reference Frame,
then (Q=0,andQ=0)

Ve =Vo + V5,0 (5.4)
dp =g +ap0 (5-9)

2. I1f the Center of KRF is a Fixed Point, then
(\_/0' — O’ and dy = O) :

Vo =Vp 0 +QXEP/O' (5-6)

dp =a5po +QXEP/O’ +2QxV,,0 + QX (QXTp0) (5.7)




3. If the PointP iIs a Fixed Point in the KRF, then:
(Ve,o =0,anda,,, =0)

In this case point P is on a rigid body, and since
KRFIs attached to the rigid body, therefore:

(Q=wzp = and Q=ay, =a) ,and

VP :\_/O’ +QXEP/O’ :Vo' +QXEP/O’ (5-8)

dp =dy +QXEP/O’ -I_QX(QXEP/O’) =dy +QXEP/O’ +a—)x(a—)xEP/O')

(5.9)




To study relative motion of a particle P as observed in
KRF, we need:

I' ., : Relative Path

([ P/O ) rel . — [ P/O' : Relative Position of P in the KRF.

(\_/ P/O’ ) rel. — \_/ P /O’ . Relative Velocity of P in the KRF.

(Q P/O’ ) rel. — Q P /O : Relative Acceleration of P in the KRF.




Example: Consider the Slider-Crank Mechanism shown:

Black Board
» The Crank O A, or
» The Connecting Rod 5
t
1. Set KRFon the crank O A, A
with reference point at “/.”, ‘ _




a). KRF Motion
Va :?’aA :?1QOA = Wrr = W,65,op = O e =X, €,

b). Relative Motion of P :

Ton=2Vpa=28p,=20IVeN @, aNAQ 5
c). Absolute Motion of P




2. Set KRF on the rod /", with reference point at “/.”.

a). KRF Motion :

Va :?’aA :?’QAP = Wyrr = (w1 _wz)gsaQAP = U ke :(al _az)gs

b). Relative Motion of P:  (no —relative —motion) -»V,,, =0,a,,, =0

c). Absolute Motion of P: Vp =..... ?and dp = ed?




Tvpes of Kinematics Reference Frame Problems:

Class of Absolute KRF Motion Relative
Problems Quantity Quantity
| ? 2 VN VN
] v N ? 2 v N
1l v 2 v N v 2
Most Difficult
Problems
{(a)} v \ 7 V7
IV
(b) y 2 y 2 VA




(using KRF):

” s

T heorem-14: The angular velocity of a «

[ORIS

the vector sum of the angular velocity of the KRF &
and the relative angular velocity of the rigid body in the
KR (14 a_) ”.

0=0+ 510

5]

{By simultaneous rotation of the rigid body about
two axis}.




w=Q2+ o (5.10)

{By simultaneous rotation of the rigid body about two axis}.




Theorem-15: The angular acceleration of a rigid body

- Q ” is related to the coordinate angular acceleration
¢ Q ”, the relative angular acceleration “ Q ”, as well

as the angular velocity properties.

Q:d—tQ:Q‘F%@:Q‘F(_.Qi +QX@):Q+_igi +Qx®
a=Q+a+Qxm 6w




A radar antenna rotates about a fixed
vertical

axis at a constant angular velocity 0)0 ”

f=a,+asinhot

, and the angle

“0” oscillates at , where “0” is in

radians and “t” is in seconds. Determine the velocity

and acceleration of the probe P using the moving

coordinate system { Xi} attached to:

(a). the vertical shaft?

(b). the antenna?




w, =const. >, =0
€ =a, +asinwt
Find: V, =72, a, =7

Given:

KRFis attached to the vertical
shaft, with the reference point at “O "™,

X2, €5

&S - Xy, €

531 QB
(Abs. Ref. Frame)




1. KRF Motion:
Q:COOQZZG)OQZ, QZO; \_/O’:O1 QO’:O

2. Relative Quantities:

.0 =b(siNfu, +cosbu,)

Voo = %EP/O’ — (_993) XPpio = bécosegl —bosin ou,
a,y = %yw =h(@cosh - 6°sinP)u, —b(dsin + 6? cosH)u




3. Absolute Quantities:
(Ve =V +Vp,0 +QxTp

{ v, =b&cosfu, —b@sinBu, + (w,u,) X,

V, =b@coshu, —b@sinbu, —bw,sinbu, , O=aw cosmt

k h

( ?/Jrap/o §2/ pror T 202XV 0 + QX (Q2XTp /o)

1 =3, —2bw,0cos Bu, —bw’ sinbu, i%

L2, =h(fcosd - 67 sin — o’ sinG)u, —b(@sin & +&* cosd)u, — 2baw,Hcosbu,
8——aw sint C—




KRFIs attached to the antenna with the reference
point at “O "™,

X0, €5

W,

Q > X1, €1

531 §3
(Abs. Ref. Frame)
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1. KRF Motion:

Q=06(-u,) +w,e, =—60u, + w,(cosbu, +sinbu,) -
Q=w,cosbu, + w,sinfu, —Gu, ,and
Q =—6w,sinbu, + 6w, cosbu, —Ou,,and v, =0, a, =

2. Relative Quantities. X,,U,

Moo =bU,
(KRF)
Voo =0
_ -
apo =0 i «o




3. Absolute Quantities: u,

r\_/P :\_//5' + Vo + 02X 0
0 0

V, =-bblu, —bw,sinbu, , O=awm,cosmt

\ s
3, :?é' "'%//o' +QXEP/O’ +2Q0xV;, 0 + QX (QXFp o)
0 O

< a, =—bw fcosdu, —bdu, —baw,Ocosbu, +bw? sin@cosdu, —bw? sin® du, —bé?u,

a, =b(—6° —w?sin”>A)u, —b(6 — w’sinfcosd)u, — 2bw,6 cosbu,

0 =-aw;sinwt .
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