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ORTHOGONAL CURVILINEAR COORDINATES

Description specifies the position of a point, by giving the value
of , °, (i.e. 0, @, R) which form an

In space.

There exist a unique transformation between the Cartesian
Coordinates (X, y, z) and the Orthogonal Coordinates,
g*, (i.e. 0, ¢, R), such that:

X = X(91 0, R)’ y = y(O’ 0, R)’ Z= Z(O’ 0, R)
(3.16)

0=0x,y,2, ©o¢=0(x,Y2, R=R(XY,Z2)
(3.17)




X = X(O’ 0, R)v y = y(ﬂ, 0, R)1 L= Z(O’ 0, R)
(3.16)

9 = 9(X9 y’ Z)’ (p = (p(X, y’ Z)’ R:R(X1 y1 Z)
(3.17)

When of the parameters of (| (i.e. 0, @, R) are held

while the IS given a range of values, the first group of
equations (16) and (17) specifies a curve in space in parametric
form.

When the constant parameter pair is given a variety of values,
the result is . Repeating this procedure with
each of the other pairs of parameters held constant, produces

(i.e. called mesh). The families of
curves are mutually Orthogonal.

They are named after one of the types of surfaces on which one

of the curvilinear coordinates is constant.




.
o | X=X(R, @1, Z,)
1 X=X(R, @,, Z,)

L X=X(R, 9;, Z)

(X= X(Ry, @, Z,)

X=X(R,, @, Z,)

X= X(Ri.’ P, Z)

\

.
X=X(Ry, ¢4, 2)
) X=X(R3, @5, Z)

| X=X(R;, ¢;, 2)
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:
fX=\ X(©, 91, Ry)
A X=X(6, 9, Ry)

S —

B X(©1, ¢, Ry)
X=X(0,, ¢, R,)

KXZ X(6;, ¢, R)

=
X=X(01, 91, R)
X= X(9,, ¢,, R)

| X=X(6, ¢, R)
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Cylindrical Coordinates (R, ¢, Z):

€r - unit vector in the direction of increasing R,

e o . unit vector in the direction of increasing o,

€ I unit vector in the direction of increasing Z.

leo =Rez +2€, @19 Z

X1




Ve = R@R + Reg + Z@z + Z¢,

unit vectors {ex, e, €7} all rotate with an angular velocity (0 ”

then using Jaumann Rate, we have:

QR:QRXQR:(ngZ)X(gR):(ngp and ¢, =0

—Z

Vp = RQR T R¢g¢ + Zgz —




a, =Re, +Ré, + Rgpe, + Rge, +Rgpe, +Ze, + 78,

e, =w,xe,=(¢pe,)x(e,)=—¢pe, and ¢,=0

—Z

a, =(R—Rg@%)e, + 2R+ Rp)e, +Ze, =a e, +a,e, +a,e,
(3.20)

{ a. R . Radial Acceleration A
d

0 . Transverse Acceleration

a’Z - Axial Acceleration

2 R ¢ . Coriolis Acceleration (due to the simultaneous change
\. in “R” and “¢@” with respect to time).




Spherical Coordinates (0, ¢, R):

€, unit vector in the direction of increasing 0,

3
€ 9 . unit vector in the direction of increasing o,
€ - unit vector in the direction of increasing R. </ 8 P\
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Spherical Coordinates (0, ¢, R):

Note that orientation of the unit vectors (g, €y er)
Changes with “0” and “¢”, in accordance to the
following angular velocity:. X3

Q = ge, + e, = pp(cosbe, —sinbe,) + Oe,

I (322)

Now, applying Jaumann Rate to the
position vector rp,, rotating with the
angular velocity Q, we have:

Ve =50 = RQR + QXTI = RQR +(Rgsin Hggp T R‘gge) (3.23)




ap =V, =(V,),6 +QxV, = Re, +(Resin 0+ Rgsin g+ RogpcosH)e,, +
(RO+RO)e, +[Rpsinde, —Re*sin® e, + RYe, —RO’e, —
R¢’sin@cosbe, + ROgpcos e, ]

a, =(R—R@?sin” @ —RO)e, +
(2R¢sin O + 2ROpcos 6 + Rgsin O)e, +
+ (RO + 2RO —Rp*sinGcosH)e,

*

(3.24)




Kinematical Quantities in Curvilinear Coordinates
Transform Approach:

The orientation of a curvilinear coordinate, g%,
(i.e. R, @, Z)), at a point “P” in space is defined by the direction
of the Base \ectors, g, at that point. 1f we let:

[(q “ ) : position vector of “P”, then; i%

or | 9,
Base Vectors= (J =-— » and unit vectorsof g are: €, =
—
oq \Qa
(3.25)
Note thatthe curvilinear coordinates are If the base

vectors form an orthogonal set, thatis: “ g_ Oy = Ofor o 7.




In Cylindrical Coordinates: qa = (R,gﬂ, Z)

I =x.e, =Rcospe, + Rsingpe, + Ze,

representing the orientation of the cylindrical
coordinates at point P are:

=g = % = COS@e, +Sinpe,

X,=0 =ﬂ:—Rsin pe, + Rcospe,
= a¢
or
A,=0, =a—z=§3

curvilinear




and,; g g _
€, =7 ==—-=0_ =COSpe, +sinpe,
.
g9, 9,
€ =T = - SINgE +COSpE,
9,
9, 9, . _
€, ==t=0 =¢,
CHI
Therefore, of point P is represented by:
x| [X,] cosp —sing 0]
1% (=T X, p;where: T =Ising cosp 0, or
X X, 0 0 1




o

(3.26)

—~—
X
——
|l
1=

¢{Xa} , where: {xa}:4 X L=

\Xz, \Z) *

and;
t t t
x =T, %) = Wf=T\v = faj=T ]
may be obtained by time derivative
of Eqg. (3.26) as: R R
R p=T X J+T, %) = {vj=T,0:+T 10 but:
Z) kZ)
KR\ er e R 3 (VR\
{Va}zl;{y.}21;1¢< 0 $+L;'I:'¢< O - = R.gb>:<v¢ - (3.27)
\Z/ \ZJ L Z J \VZJ




Similarly, are obtained as:

T, %+ 20, 3%+ T K,

——
Y
——
1
| —]

@, b=T af=T'T X J+2T'T X }J+T'T i%, |

—=p =0 —p=p L @ —=p =0
Rl [ R] [R=-R@?*| (a,

{aa}zlti {0t +<2Rp | =
Z Z / a

N

2Rp+Rpr=4a +




Other Curvilinear Coordinates: {i.e. Elliptical or Conical

Coordinates (¢, n, §)}; {C: Zeta, n: Eta, &: Xi/Zai}

Plane Elliptical-Hyperbolic Coordinates ( , n):
Consider the following plane elliptical-hyperbolic coordinate

system as:
X, = R(g+?)cosn and  x, = R(;—?)simy

where “m” and “R” are constants. Nofte that:

If . then the lines of constant _ are
defined by:
2 2
! - + X, = 1(
R2(§o+—)2 RZ(CO_—)2
& G




If . then the lines of constant  are
defined by:

2 2
% I, S Am
2 - 2 (
(Rcosn,)®  (Rsinn,)
X €7
f =2 “ n = constant
e,L\

/ So= Jm { =constant




r=xe, +xe,=R(J +E) cosne, + R($ —m)sin ne,

Base Vectors:

X. =g, == IRW+ )cosnle, +[RA-)sinre;
X, =9, = 20 =[-RE + Dsinrle; +[RE ~ oo,

) ¢ (3.29)




9,-9 =l R? (§+Z)(1—§—)S'HUCOSU]+[R (g—z)(1+g—)smncosn]

., . m°, . ) m°. .
=-R (g’—?)smncos;ﬁR ((—F)smncosnzo

= gg — gé” ; e gn _ g;;

=1
—1n

‘gé‘ R\/[(1+r;)—2§r2005277] g R.{\/[(l+?j)—2;coszn]




Orthogonal Transformation between {x.} and {x_}, or {e;} and {e_}:

(1—2“)(:0577 —(1+é[“)sinn

2 2

m, . m
(1+—)sinp  (1-—)cosy
{Xl}zT{)f}; where: T == 6 5 _

\/[(1+ ?j) — ZP; cos 277]

* (3.30)
Special Cases. If;
Co= Jm = X, = R(\/E+i)cosn = 2R\/ﬁcosn,and X, = R(\/E—i)sim; =0
Jm Jm

770=0:>X1=R(§+?), and x,=0




Example: A particle P shown in the figure moves along a helical path

described by the equations:
x:acos(ﬂf) F -
—~ v=a sin(Qf) (a) —
‘Z — Z)f > x

Determine the velocity and acceleration
of the particle P?

1. Rectangular Coordinates; We may write directly from Eq. (a):

F=acos(Qr)i +asin(Qr)j +btk (b)

7 =—aQsin(Qr)i +aQcos(Qr)j+bk  (C)

'1_,;

G=v=—aQ’cos(Qr)i —aQ’sin(Qr)] (d)




From which:

— - 2 - 2 - 2 2 2 2
M: XT+y 4z :\fa Q°+5h

— e 3 e 3 7 2
‘a‘: X +y +z7 =all

(f)

2. Cylindrical Coordinates; From Eg. (a) according to cylindrical

coordinates we can write:

p——

R=a: R=R=0
— 0=0Qr: 6=Q ;

z=bt, z=b; Z

I D:
<
-

i=(R-r0)e,+(2RO+RE)z, +25. =

. _N\\R
N : JY
- i
ix ~—

0

EI
© ol
-8

(h)

—aQ)’ e, (i)
By: Professor Ali Meghdari




From which their magnitudes are:

= a? Q2 +4 ()

a|=aQ)’ (K)

3. Path Variable Coordinates; The velocity is given in path
coordinates as:

V=56 ()
Directly by use of Eq. (a) we obtain:

B _ N2 2 2
é:é: (ch] +[6ﬁ) +(£&J :JQEQEerE

gt \\ar) \ar) "\ar (m)
.._dzﬁ_

B 2 0




The unit vector €, is defined by:

5 ¥ —aQsin(Qr)i +aQcos(Qr) ] +bk -
t . S _
§ \fa Q4+ b’
The acceleration is of the form:
- 2
—s e . — . cr s S
{ZIZL’:SEI—I-SEIISEI—I——E” (0)
- )
And from Eq. (0) w \iv_)
D .
e, =—e, (P)
y2,
Therefore, by differentiating Eq. (n) with respect to time we
have:
—aQ’cos(Qr)i —aQ’sin(Qr); 5 _ (@)

Ja? Q4 b’ p
By: Professor Ali Meghdari




Considering only the magnitude of both sides of Eqg. () we have:

S aQ)’
— = ; > (r)
P \/a Q+b
Also from Eqs (g) and (r) we can write:
e — —cos(Qt)i —SIH(QI‘)L;' (s)
Substituting these into Egs. (I) and (o) we obtain:
¥ =—aQsin(Q#)7 +aQcos(Qr)j +bik o
. . t
i=-aQ)’cos(Qt)i —aQ?sin(Qr);

The magnitudes of 1_,; and E,r' agrees with the results obtained by
the previous coordinates.




4. Spherical Coordinates; The velocity in Spherical Coordinates is
given by:

E:?:'Er —|—?"¢;§¢ +I'éSiﬂ(¢)Eﬁr (u)
now; _______ A& \
. PpYr . E
|F|:\/,x2—l—y2—|—zz :\/az—i—bzfz (V) - >
and, N S
e
tan(gﬁ) = b (W)
from which,
) B a B br
sin(g) = \faz — cos(@) \/az ., (X)
and from Eq. (w) by differentiation we obtain;
ab 1 ab 1 ab

¢:_52 t” sec’ (@) T (1+‘[an‘:I (gé)):_az +b7t )




also,
¢ =sin(¢)cos(Qr)i +sin(¢)sin(Qr) 7 +cos(g)k

—_—

¢, = cos(¢)cos(Qr)i +cos(¢)sin(Q¢) j —sin(g)k (2)
¢, =—sin(Qr)i +cos(Qr);

Substituting these results into Eg. (u), we obtain;

—_—

v=re, +I*g£5§¢ + f'éSin(¢)EH (u)

. 2%t

a
V= - cosQrz+ str;+
2\/a2 +b7 1’

\/a2+bz Ja® +Z72 Ja’ +bz ]

cos Qf z + sin Qr

bZ 2
+‘/ﬁa b7 [m m m ]
+mm( sin(Qr)z'Jrcos(Qr)j)

and upon simplification we obtain;




~aQsin(Q1)i +aQcos(Qr)j +bk (z-1)

—_—
"L!

Similarly, acceleration in Spherical Coordinate can be computed
from:

G=7= (i" —r gt —r 6’ Sinz(gﬁ))q,.

v (r O+27d—16° sin(gz))c{:)f:;(gév));e?:’gﬁ

+ (r 0 sin(¢)+2 7 0 sin(¢)+2 o0 cos(gsﬁ))é’a
ad=—-aQ’cos(Qr)i —aQ’sin(Qr) ] (2-3)

(z-2)

Which is the same result as beforel!!

It is well clear from this example that a wise selection of coordinates
in a given problem will speed up the solution.
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