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 (Particle Velocity)   (3.12) 
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(Particle Acceleration)    (3.13) 

 

 

 

Cartesian (Rectangular) Coordinates {xi}: 
 

Consider a particle traveling in a Cartesian coordinates: 
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If A and B are two different reference points in a single   Remark:
reference frame,  then; velocity and acceleration measures  

would be independent of the reference point. 
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Example: Write the position vector of the point “A” in terms of 

the shown parameter (θ)?  

Solution: 

sinRBC 
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Example: An inextensible cord, wrapped around a cylinder, is pulled  

up as the cylinder rolls without slipping on a level ground.  Determine 

the position, velocity, and acceleration vectors of the tip of the cord 

in terms of the parameter (θ) and its corresponding derivatives.  

Solution: 
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2
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1. Inextensibility of the cord implies that: 
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2. Rolling without slipping means that:  
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0

3. From 1 and 2, we have: 
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212210200
)1()( eReReReDAeDOeOPr A  

hence, 

21 )1()1()( eReRr A  

Position vector: 

)( 2121 eeReReRrv AA   

Velocity vector: 

)( 21 eeRrva AAA  

Acceleration vector: 
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A Example: The recording pen is used to 

draw the line QP on graph paper by an 

automatic x-y recorder. The velocity of 

the carriage AB is given as                     

(ft/s)  and the velocity of the pen relative 

to carriage AB is                      (ft/s).  At 

time t = 0 the pen is at the position (x,y) 

= (1,0).  Determine (a) the equation for 

the shape of the graph, (b) the velocity 

and acceleration of point P at t = 2 s, and 

(c) the slope of the graph at t=2 s. 
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(Only orientation of the axes is of interest here, so the origins 

of the coordinate systems coincide). 

Changing Relativity (Mapping), and Transformations: 

 
In dynamics, it is sometimes helpful or necessary to describe/ 

transform components of a vector previously defined in one  

coordinate frame into the another set of coordinates. 

 

Let us consider a general situation where two coordinate systems, 

 

{                       } and {                          }, are employed to represent the  

 

components of a vector. 

 

321
,, xxx 321 ,, xxx
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i
x

*
P jxGiven:  Suppose   is known in the coordinate frame {       }, 

PFind:  Define   in the coordinate frame {     }? 

xjijxi
PPorPTP }]{[}{

**


It can be shown that: 

(3.14) 
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T
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x jx
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Rows of         [      ] are: 
 

the projection of the unit vectors of       into                    

ij
Columns of          [      ] are: 

 

the projection of the unit vectors of        into  jx
i

x

T

)),cos(),cos(..(,),cos( 1111111111
xxeeeeeeleixx jiij























332313

322212

312111

][

lll

lll

lll

T
ij

  (Matrix of Direction Cosines)      (3.15)  

where: 
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Inverse of an Orthogonal matrix is equal to its Transpose: (                 ) 
t

TT 
1

 (Orthogonal Matrices are those in which the dot products of any  

 

of its two columns are equal to zero, and the magnitude of each 

 

 one of its columns is equal to unity). 

T

jx i
x

When the origins coincide,     is a Rotation Matrix, and Orthogonal,  
 

Expressing the relative orientation of frame {    } with respect to {     }. 
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Elementary Rotation Matrices: 
 

Rotation transformations about the coordinate axes are called the 

Elementary Rotation Matrices, and they are defined as follows: 
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Ex: Determine the matrix of direction cosines between coordinates 

 

       {      } and  {      }. 

Solution: 
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Ex: A slender bar lies in the first quadrant of the (x1-x2) plane.  One of its 

tips, A, is at the origin.  The angular position with respect to x1-axis is 

“θ”.  A bead slides on the slender rod at a distance “R” from A and 

slides out at a speed “v”.  Determine the velocity of the bead expressed 

in frame {xi} for the cases when: 

  

(a)- the rod is fixed? 

(b)- the rod spins in the (x1-x2) plane about A at an angular velocity       ? 

R 

θ 

x2 
y2 y1 

A 

x1 

v 

Solution: 

 

Let {yj} be another coordinate set such that 

y1 coincides with the rod, and y3 with x3.  
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Therefore, position of the bead in {xi} coordinate is: 
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(a)-  when θ = constant,  
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(b)-  when θ varies with time,  
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Velocity in {xi} coordinate: 
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Velocity in {yj} coordinate:  
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ORTHOGONAL CURVILINEAR COORDINATES 

 

Description specifies the position of a point, by giving the value 

of 3-parameters, qα , (i.e. θ, φ, R) which form an orthogonal mesh  

in space. 

 

There exist a unique transformation between the Cartesian  

Coordinates (x, y, z) and the Orthogonal Coordinates,  

qα , (i.e. θ, φ, R), such that: 

 

 

 x = x(θ, φ, R), y = y(θ, φ, R), z = z(θ, φ, R)     (3.16) 

 

 θ = θ(x, y, z),  φ = φ(x, y, z),  R=R(x, y, z)  (3.17) 
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 x = x(θ, φ, R), y = y(θ, φ, R), z = z(θ, φ, R)   (3.16) 

 

 θ = θ(x, y, z),  φ = φ(x, y, z),  R=R(x, y, z)  (3.17) 

 

When two of the parameters of qα (i.e. θ, φ, R) are held constant 

while the third is given a range of values, the first group of 

equations (16) and (17) specifies a curve in space in parametric 

form. 

 

When the constant parameter pair is given a variety of values, 

the result is a family of curves.  Repeating this procedure with 

each of the other pairs of parameters held constant, produces 

two more families of curves (i.e. called mesh).  The families of  

curves are mutually Orthogonal.    

 

They are named after one of the types of surfaces on which one 

of the curvilinear coordinates is constant. 
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X= X(R1, φ, Z1) 

X= X(R2, φ, Z2) 

. 

. 

X= X(Ri, φ, Zi) 

X= X(R, φ1, Z1) 

X= X(R, φ2, Z2) 

. 

. 

X= X(R, φi, Zi) 

X= X(R1, φ1, Z) 

X= X(R2, φ2, Z) 

. 

. 

X= X(Ri, φi, Z) 

R(t) 

Φ(t) 
R(t) 

Z(t) 
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X= X(θ1, φ1, R) 

X= X(θ2, φ2, R) 

. 

. 

X= X(θi, φi, R) 

R(t) 

X= X(θ1, φ, R1) 

X= X(θ2, φ, R2) 

. 

. 

X= X(θi, φ, Ri) 

X= X(θ, φ1, R1) 

X= X(θ, φ2, R2) 

. 

. 

X= X(θ, φi, Ri) 
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e2 
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x3 
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e3 

eR 

eφ 

eZ 

rP/O 

P 

Z 

O 

XR 

Xφ 

XZ 

Cylindrical Coordinates (R, φ, Z): 

 Base Vectors are: {xR, xφ , xZ} 

eR : unit vector in the direction of increasing R, 

eφ : unit vector in the direction of increasing φ, 

eZ : unit vector in the direction of increasing Z. 

ZROP eZeRr /

Position Vector: 

       (3.18) 
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0)()( 
ZRZRRR eandeeeee  

ZZRRP eZeZeReRv  

Velocity Vector:  

unit vectors {eR, eφ, eZ} all rotate with an angular velocity “      ”, 

  

then using Jaumann Rate, we have: 

   

 

  

ZRP eZeReRv    (3.19) 
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0)()( 
ZRZ eandeeeee   

ZZRRP eZeZeReReReReRa    

Acceleration Vector: 

  

  

 

ZZRRZRP eaeaeaeZeRReRRa    )2()( 2

(3.20) 

R
a : Radial Acceleration 


a : Transverse Acceleration  

Z
a : Axial Acceleration 

R2 : Coriolis Acceleration (due to the simultaneous change 

  in “R” and “φ” with respect to time). 
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