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RIGID BODY DYNAMICS

Purpose:

» To Study Kinetic States and Principles of Rigid
Bodies.

Joplcs.

» Kinetic States of a Rigid Body:.
» Kinetic Principles of a Rigid Body.

» Rigid Body Rotation about an Invariant Axis.




Kinetic Principles of a Rigid Body. Consider a rigid body
as shown, where point “A” is a body point, then:

(P-Principle)
- for the Rigid Body is:

(H-Principle) for the Rigid Body is:

In we showed that for a
system of particles, with the general . T
moment center “A”, and P = MV, we have;

M" = H" + (" xP) (6.23)
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However, if

- Y

"A". Is—a- fixed — point, or ;
] A=C, or >:>MA=HA=E(LA'Q)
vi=0 or v*| |p“,and p7|fa"

\

Then:
MA—H =9 0% 0, o MA=Z(%m)
M =0 =540 o) =g Vi @ (8.9)

Equation (8.9) is referred to as the

Definition: A moment center satisfying the conditions
stated above is called an




Generalized form of Fuler’s Equation:

(H-Principle) in terms of a
rotating coordinate {x;} with angular velocity £ may be
written as:

M*=Hu,+QxH" where H=1 0, (8.11)

Let {x.} to be the body coordinate (fixed to the body),
then: Q ——m, and { IiJA } will form a

Therefore:

MA :di(li?a)j)gi "‘U_)X(LA'Q):

t

IiJAajHi "‘QX(LA'Q):




In terms of Principal Coordinates at the Mass Center, or
a Fixed Point “/” in a rigid body that is In g state of pure

rotation, Equation (8.12) takes on the form:

A A A JA A __JA
|11_)|11|22_>|2’|33_)| ’|12—|23—|31_O,and

_ A A A
M =1 a1+712ka)2|ks +7/13ka)3|ks =l +t o0, 1,00




A More Familiar Form of
A A A A
My =17a,— (1, - 1;)w,0,
A A A
M l, 052 (I = 1) oo, (8.13)

A_ A A A
Mi =la, (I = 1,))o0,

N
I |

Note: of a rigid body is generally due to the absence
of an external resultant moment about its mass center. Many
dynamic problems are of this nature, and the only force applied
to them is from gravity. In these cases, about
the principal axes at the mass center will take the following form:

lFey = (17 = 15)w,0,

C C ycC
Iy, =(l3 -1 )o,0, (8.14)

1Sa, = (1F - 1) w0,




In other words, in order for such a situation to exist, momentof momentum
about the mass center must be constant ( H Constant), similarly the
system must also be conservative ( tha

), and the total Kinetic
energy of rotation must also be constant.

1 C
ﬂ = Constant

< Total K.E.),,, = Constant

K.E.)sys. + P.E.)sys. = Constant = (conservative system)

N~
Equations (8.7) and (8.9) together (Newton and Euler’s
Equations), form the for
a Rigid Bodly.




Example:

A turbine rotor assembly is dynamically equivalent to a
solid rotating cylinder. The mounting is inadvertently
misaligning by “0.1%” from the axis of rotating symmetry.
Determine the bearing load due to the unbalance at a
uniform speed of “1000 rad/sec”. The rotor assembly has
a mass of “200 kg”.




In terms of the principal body coordinates {x;}, the principal
moments of inertias are:

Ilezczm(%R%%Lz):SO kg.m?,and I3C=%mR2:25 kg.m

2

The “” is:
ﬁgz ~@U, =U,-1000u, rad/sec,and a=0 (e isuniform).
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Now, applying we have:

M =1 a, —(I; —17)w,m, =0—(50-25)(1)(-1000) = 25000  N.m
M =My =0

This moment is provided by bearing reactions. Since the
moment arm= 2 m, then:

RA — RB — 12500 N, | to the spin axis

Therefore, the unbalanced force is cycling at a rate of
1000 rad/sec = 9550 RPM, where the shaking force is
quite damaging.




RI1gid Body Rotation about an Invariant AXIs -

~ Consider a rigid body as shown:

- Let: “XB” be the invariant axis of rotation,

- and “A” be an moment center X,
for the rigid body, therefore: /

w=we, and «=at, where;

¢, Is constant, and therefore
o and o have /nvariant
airections.

Now, let us choose a body
coordinate {x;} such that
U, =¢;, thus:
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"w=w.U, =ou = wozU; = @; = W0,

~<

a=o;U; =aU,; =aoU; = a; =0,

From the M = 1o, + 0 o
we have:

A A A
M. :Iij\ijﬁa+7iﬁjﬂwlksgsﬂa)
A
M. —I,ﬂa+7/w|kﬂa) (8.15)
for , we have:

AR A A
M =1/ a+0
A 1A A 2
< M) =lLa-1, o

A 1A A2
M, =l a+ 1 o

(8.16)




for ~we have:

~ A 1A A 2
M "=l a+ | o

< M)=1 «a (8.17)

A 1A A2
_ M, =1la-1

Note that: in planar metion if “xg” is n70f the principal axes,

then products of inertia exists, and if o = 0, that does not
mean that M = 0.

Theorem-26. For a rigid body in plane motion, the set of
Kinetic equations are:

F=ma"

M® =1°

(8.18)




F=ma"

K/I o _yo, (8.18)

where; My: Moment about an axis 1 to the plane of motion
at “O”.
|, : Moment of Inertia about an axis L to the plane
of motion at “O”.
O :An Moment Center.

Theorem-27: Equation (8.15) implies that

about an axis of fixed orientation is
possible provided that the axis is a principal axis of inertia
of the rigid body at any point on the axis of rotation.




Theorem-28. of a rigid body about an invariant axis Is

provided that the axis of rotation is a central principal axis
corresponding to either the maximum or the
minimum principal values.

Consider a rigid body, and let it spin about its central
principal axis “x,”.

Originally let it have an angular velocity:
®(0) ={®w,,0,0} = w,u,

Now, introduce the disturbance:

Aw=0(g) ,Aw<<®, sychthat:




ot)=w+Aow=(w, + Ao )U, + Aw,U, + Aw,U,, and
a(t)=Awo,u, + Ao,uU, + Ao, U,

Note that: prior and after disturbance, there is no external
moment. From , We have:

@ M =0=1Aa,-(I; - 1)) AwsAw, = Aw, =const. << @, =

(so sma -
o, = O, ty@%gt/ ~ m, OF)=0

() M =0=15Ad,~(If - I9)o,ho;

(c) My =0=15A0,~(l; - 1;)oAe,

Now we have;




O + (IS - 1w, ()=0 = Ad, + (7 =10, - 'zc)a);sz =0

11
and similarly,
AHE) +(1° - 1D)w,(b)=0 = Aa'}3+(|1 — 10, _'2)w§Aw3=o

cycC
I2I3

mandates that the coefficients of
"Aw,"or'" Aw," must be positive. Therefore;

(1° =11 =17)>0,  where 1~ ={IF,15,1;}

1172173
This condition holds if and only if the « | 1C” is the

or principal value (a mathematical idealization).

Note that: in reality due to internal damping there is only one stable axis
of rotation, and that is the principal axis corresponding to the

&
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