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RIGID BODY DYNAMICS

Purpose:

» To Study Kinetic States and Principles of Rigid Bodies.

Topics:

» Kinetic States of a Rigid Body.
» Kinetic Principles of a Rigid Body.

» Rigid Body Rotation about an Invariant Axis.
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Kinetic States of a Rigid Body:

Theorem-23: The Momentum of a rigid body is equal to its
mass times the velocity of the mass center.

P=mv"- or P=mv 8.1

Theorem-24: The Central Moment of Momentum for a rigid
body is equal to its central inertia tensor times the angular
velocity vector.

|(.:a). i, J =1,2,3 (8.2)

w or H =l;o,
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Equation (8.2) in expanded form is:

C C
H =1 0, + 150, +1 0,

cC 8.3
H; I21(01 Izzwz T Izaws 8.3)

C
H; = |31(01 |32(02 T |33a)3
Theorem-25: The Moment of Momentum vector about a

general body point “A” in the rigid body can be
expressed as:

HY=mp“ xv* +1". 0 ©4
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Proof:

Consider the rigid body shown;
{Xi }: Its origin is located at the fixed point “O”.

For arigid body, we have: Vimdm
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and from the definition of mass center we have:
mp" :J'pdm . substituting results;
ad ) =

H*=mp" xv"+[px(@x p)dm  (85)

Since (p=1r,, — [A),Or(pi = X. — X) is a constant
magnitude vector, and the point “A” is a body point, then
(,l_? =X ,l_?) Now, the i-th component of the 2nd term in

equation (8.5) may be expressed as:

[j/_) X (Q X /_))dml = 0, j[(xk . le)(xk B X?)gij B (Xi B XiA)(Xj - X?)]dm

_ A
= ljo,
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Substituting the result into equation (8.5), we have:

H =mp " xv" +1" @ (8.4)

However, if point “A” is selected such that
A C A
(v:'=0), or(A=C), or(p| |v")
Then equation (8.4) reduces to:

0 of H =l o (8.6)
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Example: A thin disk of mass “m” and radius “R” is
spinning about a fixed axis as shown. Determine the
Central Moment of Momentum In terms of:

(a). the principal coordinates? (neglect the disk thickness).
(b). the coordinate with the rotating axis being as one of
the coordinates?
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Solution:

(). In terms of principal coordinates {x}:

From symmetry, the coordinate {X;} is established in
the principal directions;

%mR2 0 0
— 1§ =| § O 1mR2 0
4
X2 0 0 lmR2
) 21
A E :0_
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The angular velocity w in terms of principal coordinates is:

H

C

C — —
Iija)j—<

.
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(b). In terms of coordinates oriented along the rotating axis
{Xp}; Let us first setup the direction cosines such that:

1 0 0
T={/,}=|0 cO& -sb
0 s6& co

Then, using the transform equation (7.25), we can write:

["=T'I°T, and

1mR2 0 0
4
I"=| 0O %mR2(1+sin26?) Zmstinecosé’

0 Zmstin 6 coso %mR2(1+ cos’ 0)

© Sharif University of Technology - CEDRA By: Professor Ali Meghdari




Center of Excellence in Design, Robotics and Automation

Then, the Central Moment of Momentum is:

rO\
—C -C __
H =1 -@;where g =<0} ,and;
\a))
H e 1 0
H ={Af!=, ZmRza)sinecos@ :
T C
g %mRza)(l-FCOSZQ)
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Observations:

» Although the spin axis is fixed, the moment of momentum
has components along the other axes.

» Even when “w” is constant, while the moment of
momentum components may be constant in the body
coordinate {x;}, the moment of momentum vector will
rotate about the rotation axis at a speed of “w”.

» The time rate of change of moment of momentum due to
the change in direction is an indication of presence of an
exterior moment on the body.
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Inetic Principles of a Rigid Body: Consider arigid body
as shown, where point “A” is a body point, then:

Momentum Principle (P-Principle)
for the Rigid Body is:

f = mQC — E (8.7)

Momentum of Momentum Principle
(H-Principle) for the Rigid Body is:

In Chapter-6 we showed that for a
system of particles, with the general
moment center “A”, and P = mv , we have;

"=H"+ (" xP) (6.23)
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However, if

vi=0 or ("A'-is—a- fixed — point)]
3 A=C > —> MA = ﬂ
vl [P

L - J

Now for a rigid body, the moment center “A” is also a
body point, hence:

HY=p"sxmv* + 1" 0=(0r"-r")xmy" +1" @, and;

H* = —v*)xmv® +(r® —r*)xma” +%(LA )

(8.8)
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However, if

[ "A" is—a-— fixed — point, or

3 A=C, or >:>MA=ﬂA=i(LA-Q)
vi=0 or Vv'|",and p°|[a"] dt

Then:

MAZHA:%(LA'Q)1 or MiA:%(Iijij) (8.9)

Equation (8.9) is referred to as the Euler’s Equation.

Definition: A moment center satisfying the conditions
stated above is called an Eulerian Moment Center.
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Euler’s Equation as a function of coordinate variables:

d .
M2 = a[l f(X)a;]; for — fixed {x;} where:  (8.10)
A . .
|ij (X) . are components of inertia tensor
(function of coordinate variables)

Example: A Thin Uniform Rod:

Q)
X2 \
0 O 0
Aofo M2
=4 12
q. 0 ml? X,
12 (fixed coordinate in space)
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Therefore; 1.}(8) =

Cco s¢ 0)0 0 0 fco -so 0

_s0 co 0lo ”f; 0 [se co ol=

0 0 1 el 001

) N - .

i 120

2 2 7
M g2 ™ gaco 0 ) )
12 2 .| S?6 sS&ce 0
" seco ™ c o =™ lseco c o
12 2 12

0 0 - -

12
1

0 this form Is coordinate dependent.
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